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Abstract. In this paper, we count the rational points on the 
weighted projective spaces defined over number fields w.r.t. " size" . 
An asymptotic formula which generalizes the result in J3ch79 1 is 
obtained. Furthermore, we count also the rational points on the 
product of weighted projective spaces. 



1. Introduction 

This article is one of our papers discussing the rational points on 
the weighted projective varieties. We use the argument in [ |Sch79|| to 



count the number points on the weighted projective spaces over number 
fields. As in our paper ||Den98|| , we recognized that the Weil heights or 



Arakelov heights are not the "suitable" functions to measure the "size" 
of the rational points on the weighted projective varieties because of 
weights. Instead of heights, we introduced the function " primitive 
size", Size, on the weighted projective varieties . Here, we will describe 
the function "size" more subtly. To each effective Weil divisor D over 
the product of weighted projective spaces we can associate a counting 
function "Sizeo" . 

For a quasismooth weighted projective variety X over the number 
field k whose rational Picard group Pic(X) ® Q has rank one and its 
amplitude is a, we expect that 

N(X(k),T, Size a ) ~ CT 

where N(X(k),T, Size" 1 ) := #{P G X(k) : Size a (P) < T} and C is 
a constant. This asymptotic formula is similar to the asymptotic for- 
mula in Manin's linear growth conjecture for the smooth Fano varieties 
having Picard group of rank one. The expected asymptotic formula 
coincides with our calculations if taking X = P(W) as a well- formed 
projective space (cf. Theorem (A)) or as a quasismooth well- formed 
weighted complete intersection in |Pen98| , Th. A] . We remark here that 



the above mentioned quasismooth varieties are (singular) Fano and 
have at worst the quotient cyclic singularities. ( Cf. [ [Fle89|| , [ Del75 |, 
PR86| or jDggg ) 
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Furthermore, we discuss also the rational points on the product of 
well-formed weighted projective spaces X = Yli = iP(Wi). Since the 
product of weighted projective spaces has the rational Picard group 
of rank p, the choice of "sizes" is more complicated. W.r.t. "sizes" 
associated to different divisorical sheaves, we count the rational points 
and obtain the correspondent asymptotic formulas. Especially, when 
the "anticanonical size" Size_x is chosen, the asymptotic formula (cf. 
Theorem (B)) becomes 

N(X(k),T, Size. K ) ~ CT(logr)'- 1 

which is also related to the Manin conjecture |[FMT89 . 



2. Weighted projective spaces and their products 

In this section we introduce some notions about the weighted pro- 
jective varieties and their products. For details about the weighted 
projective spaces cf. |L>el75| , JBRg§ ||Uol82|| and JFM9]. 



Let W = (wi, . . . ,w m ) be an m-tuple of positive integers. Let F 
be an algebraically closed field of characteristic 0. Denote S as the 
polynomial ring F[xi, . . . , x m ]. Regard S = S(W) as a graded ring with 
the graduation deg(x k ) := w k for k = 1, . . . , m. The weighted projective 
space P(W) w.r.t. weight W is denoted by P(W) := Proj(S(W)). 
The sum of w^s is denoted by \W\ := ^ Wj. If without explicite 
mentioning, the weighted projective space P(W) is always assumed to 
be well-formed, i.e. each (m — 1) elements from W are relatively prime, 
because of [[Fle89l , 1.2.5. and 1.2.7.]. 



Given weights W\ = {w n , • • • , iwi,i m }, • • • , W k = {w kl , • • • , w ktkm }, 
let P(W / i) x • • • xP(W k ) be the product of weighted projective spaces. It 
should be noted in more general context that the product of weighted 
projective spaces can be regarded as a toric variety. Here, we will 
not use this treatment. Let Si (i = 1, . . . , k) be the polynomial ring 
F[xn, ■ ■ ■ , Xi t i m ]. The associated graded polynomial ring is 

k 

S , :=®5 < (Wi) 
i=i 

with the graduation 

multideg^i,!. ® • • • ® x kM ) = {w ljh , ■ ■ • , w kM ). 



More precisely, decompose S to S = @ d Sd where d runs over the 

7k 
J >0 



index set Z> and Sd denotes the set of weighted multihomogeneous 
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polynomials of multidegree d. Denote 

S + :=@S d . 

The product P(Wi) x • • • x P(Wk) is nothing else than the set of prime 
weighted multihomogeneous ideals in S which do not contain S + . 
Let Z denote the affine subscheme 

k 

Spec(Si) <g> • • • Spec(Si-i) ® {0} <g> Spec(S i+ i) ■ ■ ■ <g> Spec(Sk) 

i=l 

in Spec(S). Denote U := Spec(S) \ Z. Let tt : Spec(S) \ Z -> P^) x 
• • • x P(Wfc) be the canonical projection. Let X be a closed subvariety 
in P(Wi) x • • • x P(W / fc) generated by the weighted multihomogeneous 
polynomials fi,---,f r • Denote X := V+(/i, • • • , f r ). The inverse 
image of X under n is denoted by C(X)* and called to be the associated 
quasi affine cone. The Zariski closure of C(X)*, denoted by C(X), is 
called to be the associated affine cone. If C(X)* is non-singular, X is 
said to be quasismooth. 

Remark 2.1. The product of weighted projective spaces P3^ =1 P(V^) 
can be interpreted as the geometrical quotient space U/G 1 ^ ( remem- 
ber G m = Spec(F[T,T~ 1 ])) where the group acts morphically on 
Spec(S) via 

k k 

S = (g) Si -> (g)(^ <g> F[Tj, Tr 1 ]) (x^ -> ^ <g> 7f y ). 

i=i t=i 

Actually, the group G^(-F) = (-F x ) fc acts on C/(F) via 

(Ai, • • • , Afe)*(xi, • • • , = ((Ai)*xi, • • • , (\k)*Xk) 

where 

(Aj)*Xj = (Af^Xji, • • • , A- w £j,i m ). 

Each closed point in Y\i=i P(Wi)(F) ls exactly an orbit under the group 
action G k m {F) in U(F). 

Remark 2.2. The product of weighted projective spaces is quasismooth 
have at most the cyclic quotient singularities. 

Denote by Kx the canonical (Weil) divisor if X is a normal variety. 
Let Ox{D) denote the divisorical sheaf associated to the Weil divisor 
D on X. 
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Remark 2.3. Let X = Yli=x P(Wi) be the product of weighted projec- 
tive spaces . Then the following adjunction formula holds: 

O x (K x ) £ O p{Wi) (-\Wx\) P(Wfc) (-|W fc |). 

Moreover, each Weil-divisor on X is Q-Cartier, and Cl(X) = Z fc where 
each fc-tuple (ai, • • • , ojj.) G Z fe corresponds the divisorical sheaf 

P{Wl) (a 1 )®---mO F{Wk) (a k ), 

since C7(P(Wi)) = Z can be identified with the group generated by the 
isomorphic class [0p(Wi)(l)] |Del75| , prop. 2.3]. 



3. "Sizes" on the Product of Weighted Projective Spaces 

In rest of this paper we fix the following notations: Let k denote a 
number field, G\ the ring of integers in k, il(k) the unit group, /i(k) 
the group of unity in k, the absolute value of the discriminant, 
\4 the set of places over k, the set of archimedean places, Sf the 
set of finite places, N := [k : Q], iV = r\ + 2r 2 where r\ denotes the 
number of real places and r 2 the number of complex places, R the 
regulator of k, C7(k) the group of ideal classes, h the class number and 
w := #/i(k). Let the f-norms for v G 5k be normalized so that: (1) 
\x\ v = \x\ Nv where N v — 1 (resp. 2) if v is real (resp. complex) and (2) 
\%\v = \^kv/Q P ( x )\p as V \P where \p\ p — 1/p . So, the product formula 
can be written as 

Yi \x\ v = i 

for x G k x . 

Assume that the variety X is in the product of well formed weighted 
projective space ]^[ i=1 P(Wi), where Wi = (wn, . . . , Wi,i m ). Suppose 
that £ is an invertible sheaf over X. Then, according to the height 
machinery, one can define the Weil height or the Arakelov height w.r.t. 
C. Besides heights, we introduce the other functions "sizes" for k- 
rational points on the varieties in the product of weighted projective 
spaces defined over k. We will see that the function "size" is the "right" 
function for counting the rational points on the varieties in the product 
of weighted projective spaces in contrast to heights. 

Lemma 3.1. The set of h-rational points Y\ i=x P(Wj)(k) can be re- 
garded as the quotient space Yli=i{^ m \ {0}) / '(^ x ) k , where (k x ) fc acts 
on via riLiO*'" \ {0}) 



(ax, • • • , ak)*(xx, • • • , Xk) — • • • , (ak)*Xk)- 
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In the other words, each k-rational point x = [xi, . . . , Xk\ on Yli=i P(Wi) 
is an orbit Orb x under the group action (k x ) k . 

Proof. If y = (y u . . . , y k ) ~ {x u . . . ,x k ) = x G nti( k * m \ M) then 
there exists an a = (ai, • • • , a^) G (k ) h such that a*y = x, for each 
j = 1, . . . , k, a,j may be assumed in some finite field extension L/k. 

Then, for some nonzero Oj, ka™ 13 are in k. So, kaf^ 3 *'™' 3 '' is in k. But 
gcd j(wij) = 1 for P(Wi) being well-formed. This implies that a G 
k. □ 

The definition of " primitive size" for x G P(W)(k) is as follows. 

Definition 3.2. For x G (k) m \{0}, define the fractional ideal 3(x) via 

i 

3~ 1 (x) := {a G k : a*x G O k }. Set H^x) := Yl veSao max, =1 ..., m \x-\v* . 
Define 

Size(x) := J JL^H 0O (x). 

Proposition 3.3. If x — (xi,--- ,x m ) G O™ then 3(x) is really an 
integral idea of 0\. Moreover, one has the fact 3{a*x) = a3(x). Con- 
sequently, both fractional ideals 3(a*x) and 3{x) are in the same ideal 
class. 

Proof. The first statement is clear from the definition of 3(x). The 
second statement can be done from 

b G 3-\a*x) « 6,(a,x) G Cf {ba)*x G Cf 

bae3-\x) ka^r 1 ^). 

□ 

Remark 3.4. The well-definedness of the function "primitive size" is a 
deduction from the product formula and the proposition above. 

Remark 3.5. For x G P(W)(Q), the "primitive size" of x can be given 
by 

Size(x) := min if™ (■?/). 

y€Orb x ,y€2,™ 

The function "primitive size" coincides with the primitive Weil height 
when P(W) = p m_1 defined over k, because in this case the ideal 3{x) 
becomes the the ideal generated by the coordinates x 1 , - • • , x m , where 

Ylv&S f max i=l,-,m \ x i\ — N(3(x)) ' 
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Remark 3.6. In general, the function size is not equivalent to the height. 
For example, given a weighted projective space P(l, 1, 2) over Q. The 
twisted sheaf 0(2) is very ample. Choose P = (p,p,p) E P(l, 1,2)(Q) 
where p is a prime number. Then 



max(|xi| 2 , \x 2 \ 2 , \x 3 \) 



gcd(xl,xl,x 3 ) 
and Size 2 (P) = p 2 . 



= P 

(xi,X2,X 3 )={p,p,p) 



We define the size of rational points on the product of weighted pro- 
jective spaces ni-P(^ / i) w.r.t. the Weil divisors. 

Definition 3.7. Let D be an effective Weil divisor of the product of 
weighted projective spaces Yli=i P(Wi) correspondent to (a%, ■ ■ ■ , a k ) E 
W . The function size w.r.t. the Weil divisor D is defined via 

Size D (x) := Size 0,1 (x x ) ■ ■ ■ Size ak (x k ) 

fon = (i 1 ,-,i lt )6ntiW(k)- 

According to the adjunction formula, the anticanonical divisor — K 
is correspondent to (|Wi|, • • - , [ Wfc|). Therefore, rii=iP(Wj) i s F ano - 
( Recall that a normal variety is Fano iff its anticanonical divisor is 
Q-Cartier and ample.) The anticanonical size Size-x is given by 

Size_ K {x) := Size\ Wl \x x ) ■ ■ ■ Size\ Wk \x k ) 

for x = (x ir ■ ■ ,x k ) El\tiP(Wi)(k). 



4. Integral points modulo units 

We count the k-rational points on the well-formed weighted projec- 
tive space P(W / ) in following three sections. 

The variety A m \ {0} is the quasi affine cone of the weighted projec- 
tive space P(W). The subgroup it(k) of k x acts on the set A m (k) \ 
{0} = k m \ {0}. In this section, we generalize the idea of ||Sch79|| to 



count the integral points on A m \ {0} modulo il(k) within a suitable 
weighted expanding compact set. 
For c E C7(k) an ideal class denote 

N(c,T) := E P(W)(k) : Size(x) < T, [3(x)} = c} 

For brevity, choose 21 as an integral ideal in the ideal c. One has 

Sl; 1 ^ 1 x ••• x 2r») = Cf . 
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Consider the number of orbits U(k)*(a;) for x G (2T 1 x • • • x 2T m ) \ {0} 
such that H^x) < TW(2t). This number is denoted by (21, T) 
and satisfies 

N m (X,T) = #{U(k),(a;) G * 1 : C 21, ^(x) < TN(%)}. 

Denote 

iVu(k)(2l,T) = #{il(k)*(x) G * J : = 21, ^(x) < T7V(2l)}. 

We note here that 7V(c, T) = iVu( k )(2l, T). This can be done by the bi- 
jectivity of the mapping from {iX(k)*(x) G k : 3(x) = 21, H 00 (x) < 
TN(X)} to G P(W)(k) : S^e(x) < T, [J(x)\ = c} via it(k)*x -> 
k*x. We count at first iV^) (21, T) . 

Let koo := k ®q R = HLeSoo ^ e recan nere ^ ne Dirichlet's unit 
theorem. 

Theorem (Dirichlet). Let the mapping £ : il(k) — > R ri+r2 fre gwen ma 
■u — > (log |w|t;)i;e5oo ■ T/ien T := Im(£) builds a lattice of rank r := r\ + 
r 2 — 1 m £/ie hyperplane H defined by ^2 veSoo V v = ® an< ^ ^ er W = A*(k). 

Let pr : IR ri+r2 — > if be the projection along the vector (N v ) v( z Soc , 
where more precisely pr v (y) = y v — ( we ^° W )N V . Let 

^ n ( k ™ \ {°» 

be given via rj = (rj v ) ve Soo where rj v : k™ \ {0} — > R is defined by 

i 

7] V (Z V ) = log max \Zyi\p 

i=l, ••• ,m 

for Z = (Z v ) veSoo = (Z v ,i) v , i=1 ,.., m G Yl^s JK \ {0}). Pick F as a 
fundamental domain for H/Y. Then A := (pror])^ 1 F is a fundamental 
domain for FLes^C 5 " 1 \ (0})AK k )- We fix our choice of F, which is 
standard. Let {u±, • • • ,u r } be a basis for Y in H. Let {«!,••• , ii r } 
be the dual basis, i.e. Uj : if — > R is the linear functional satisfying 
Uj{uk) = Sjk- We choose F — {y & H : < Uj{y) < 1 Vj = 1, • • • , r}. 
Set the sets 

S)(T):={ZG TT( k " t \W) : II max \ Z vA^ <T} 

veSoo veSoo 

and 05 (T) := D(T) n A. We note here that D(T) is U(k)-stable. This 
can be done by 

j_ j_ 1 

]~Jmax \u Wi Z V:i \v l =Y\_\ u \vY\_ mabX \ Z vAv l = Y\_ max \ z v,i\~ l ■ 



N 

TCP r i+ r 2 



s 



AN- WEN DENG 



The properties concerning the fundamental domain and the group ac- 
tions are as follows. 

Proposition 4.1. (1) A is /x(k) -stable. 

(2) H(k)*(A) = H. 

(3) w*(A) fl A = for u E H(k) \ //(k). 

Proof. This can be deduced from [[5ch79|, Lemma 1.] □ 

We want to count the number of il(k)-orbits in (%l Wl x • • • x 21™'™) \ {0} 
within the expanding set 2)(T). According to the proposition above 
and the fact of D(T) being il(k)-stable, it suffices to count the number 
of //(k)-orbits in (2T 1 x • • • x ST" 1 ) \ {0} n «8(T). Since the group /i(k) 
acts effectively, each fi(k) contains w points. Therefore 

Proposition 4.2. 

™#{u(k),(z) g (2lwlx "";i^ m)U0} n ? ax i^i^ ^ r > 

V ' VtSoo 

is the number of points ofW" 1 x • • • x 21™'" \ {0} in <B(T). 

Lemma 4.3. fij t t A = A/ort Gf x 
(2) 05 (T) = T/<B(1) 

iVoo/. (Cf. |[Sch79| , Lemma 3. p. 438]) (1) For Z E Yl v (K \ M) and 
t E M x , we have 

r / (t,Z)=log|t|(iV,) 1 , e5oo +r ? (Z). 

Since ?7 is linear and annihilates the vector {N^^s^, we have pr o 
^(t^Z) = pr o r/(Z). The fact (1) is done. 

i 

(2) Let p(Z) = rLeSso m & x i=i,-,m \Z v ,i\ w * . Then, 

p(t,Z) = |t|^ JV >(Z) = |t| Ar p(Z). 

Using the fact (1), the fact (2) is achieved. □ 

Here, we need some notions from weighted expanding sets. Let 
be a bounded subset of R fc with C l -parametrizable boundary (or well- 
shaped boundary ), i.e. there exist finitely many C 1 mappings from 
[0, l] fc_1 to R k such that the boundary &ty is contained in the union of 
those images. Given a weight W = (wi, • ■ ■ , Wk) E N fc . The weighted 
expanding set ^J(T) is defined by 

*P(T) := T,03 := {(T^x 1; ■ • • , T w *x k ) : • • • , x k ) E 93}. 

We state here an observation. 
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Proposition 4.4. Notations as above. Let A be a lattice in Then 

^ ^ v ; detA v detA ; 

detA 1 ; 

w/iere w min := min i=:li ... >m u;,. 

Proof. Let D be a paralleltope fundamental domain of WL k /A. The 
paralleltopes c + D ( c G An U3(T)) cover 93(T). Moreover, there 
exists at most number of Q ^^^tA ) such paralleltopes which 
have nonempty intersection with <993 and are not contained in 23(T). 
Since 93 has the C 1 -parametrizable boundary, it can be shown that 
VOlk ~d!tA {T)) = 0{T\ w \~ w ™»). Then it is not difficult to obtain the 
conclusion. □ 

We apply this observation to count the number of SI™ 1 x • • • x 2l™ m \ {0} 

in 05 (T) by taking = 23(1) C R Nm , <p(T) = T/Q3(l), A = (Ql Wl x 
• • • x 2l Wm ). Consider 21 <^-> koo = ELes^ ^ ' wnere 21 build a lattice in 
with determinant ^P^ 2 ^ . The lattice A has therefore determinant 

m 

D*N(W)\ W \ 

In fact, we have by Proposition 
Proposition 4.5. 

# Mk).(z) e (^X"^"-)\{0 } ; n ^ £ T} 



i_^lf_^ m (»(i)) + o((-i--)W~^) 



Corollary 4.6. 



i omr 2 

^(21, T) = -Tl^l— B-Vcrf^CBCl)) + 0(TW- 
w n 2 



Remark 4.7. It remains to show that the bounded set 23(1) has really 
the C 1 -parametrizable boundary. We will discuss about this in the 
next section. 
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5. Computations on the volume of 23(1) 

In this section, we show that the bounded set 55(1) has really the 
C 1 -parametrizable boundary. Furthermore, we compute the volume of 
23(1) . Recall 

33(1) := 

Z E TT (Ik™ \ {0}) : iLeSoo max i= i,.. , m < 1 

P r ° v(Z) e F 

Set 

®o(l) :=(^H ( k ™ \ W) : pro izfJ^'^ " 1 

where fj = (rj^veS^ and T^pQ := log max i=li ... , m 

Lemma 5.1. TTie bounded set 53q(1) has the C l -parametrizable bound- 
ary. 

( Cf. |EcK79| , Lemma 10]; 

Proposition 5.2. Q3jy(l) /ias the C 1 -parametrizable boundary. 

Proof. Construct the mappings (p t : Q3o(l) — > Q3vp(l) via (X^^)^ — > 
(e(u, z)X™|) Wi j where e : x {1, • • • , m} — > {±1}. It is clear that 
the union |J e Irrup t covers Q3jy(l). From Lemma ( pM|) , 53o(l) has 
the C 1 -parametrizable boundary, i.e. there exist finitely many C 1 - 
mappings & : [0, \] mN - 1 -> ]R mAr such that (J< Jm0j D <933 (1). There- 
fore, U M ^ o 0,([O, l]***" 1 ) D 995 w (l). □ 

We generalize the computations in ||Sch79| , Proposition, p. 443] as fol- 
lows: 



Proposition 5.3. 



Vol mN (SMI)) = 2 mri 7r mr2 J R|W 



ri+rz— 1 



Proof. Consider the polar coordinates (p v ,i, ^t ! ,i)«e 1 sr 0o ,i=i,...m where (1) 
= l-Z^I, = arg if u is complex and (2) = \Z Vyi \,6 = signZ,^ 
if v is real . Then, 

voi mN (*s W (i)) = 2 mri j n ^ n ^ n ^ 

D ^complex f e^oo ^complex 
where the integral domain D is given via p v ^ > 0, < 6 V ^ < 2n satis- 

Ny 'Nv 

fy in g ILes*, max i=i,- ,m < 1 and pr o log max i=li ... m p™| e F. 
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Integrating w.r.t. FLcomplex dO v ,i , we have 

Decompose the integral domain as follows: D = U --s oo -»{i - m } No- 



where D CT is the subset of D such that max i=lr . >m = for 
v E Soo. The different D' CT s meet each other only on the lower dimen- 

sional real loci defined via the equations p™\ = p™j . 

It suffices to compute Jj^ Y\ v ,iPvJ~ ld Pv,i- Let t V;i = pfy, so dt v>i = 
N v Pvf l dp v ,i- Therefore, J^Ylv^Pvf 1 ^ = IL.i Inte- 

t w a(v) 



grating w.r.t. dt v> i for all i ^ cr(v), J Q v ' cr(v) dt v ^ L = t v "J^, then we have 
r r JZL-i 

2 mr l{2nr r 2 JJ p^d Pv , = / JjQj, ^ . 



l 



Substituting = t v ^ in the integral above, one has 

where the integral domain is 

{r = (r„) G R^ +r2 |0 < JJ r v < 1, < «,-(pr o logr„) < 1}. 

Via the change of variables, u = YlveS x Tv anc ^ = ^j(P r ° fog r f) 
for j = 1, • • • ,r, where the Jacobian is ±i? and the integral domain 
becomes <!/,£,■< 1. We have 

/ 2 mri (27r) mr2 TTpfr 1 ^ = 2 mri 7r mr2 R ^ v ^ ™ a{v) . 

Summing up the integrals over all D^.s for er : — > {1, • • • , m}, this 
leads to the conclusion. □ 



6. The Asymptotic Formula on P(W)(k) 

In this section we obtain the asymptotic formula on the set of ra- 
tional points P(W)(k) w.r.t. " primitive size". Let B be a countable 
set, and a counting function, i.e. for every positive number T the 
cardinality of the set of x E B with <f>(x) < T is finite. Let N(B, T, 0) 
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denote the cardinality of this finite set. We are interested especially in 
N(P(W){k),T, Size) = #{x G P(W)(k) : Size(x) < T} as T -> oo. 

Theorem (A). 

N(P(W)(k),T, Size) ~ Cf T |w| 
/, 2 ri+r2 7r r2 R 

and the error term is 0(T' W ' (^/P(W)(k) = P 1 (Q) i/ie error 

term is taken to be 0(TlogT)). 

Proof. From the discussions above, we have #{x G P(W / )(k) : Size(x) < 
T} = E ce c/(k) N(c,T) = E meC i(k),v ideal N m (%,T). Since 

N m) (%T)= Yl ^)(2l»,^y), 
QS:ideal 

By the Mobius inversion formula, 

sddeal 

where //(•) is the Mobius function on the monoid of the ideals in O^. 
By Corollary ( |4.6| ) and Proposition (^3), we have 

rp Ori+r2 7r T'2 D rp 

m{ , N(^B) ) 1 ^ ' w l 1 { N(^B) ) ' 



am 



Using the fact Ck( s ) 1 — S<Bideal jvpsT 5 ^ or -^ e ( s ) > 1, we can obtai 
the main term for N m (%,T), i.e. _^(2n^^ )mg| I y |r 1+ r 2 -i T [ W [ 
The estimate of the error term is standard and cf. ||Sch79| , Lemma 12.]. 
Summing up N^) (21, T) for [21] G C7(k), we obtain the conclusion. □ 

Corollary 6.1. 

N(P(W)(k),T,Size- K (x) < T} ~ CfT 

and 

iV(P(W)(k), T, S^e e (x) < T} ~ T^ 1 

/or e G N. 

Proo/. By the adjunction formula, 0(— if) = 0(|W|), \W\ is the am- 
plitude of the Fano variety P(W), therefore Size-x = Siz& w \. □ 
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Remark 6.2. In fact, for any Zariski open U in P(W) over k, we have 

N{U{k),T, Size) ~ CfT^I. 

The proof of this fact is based on the same argument to prove Theorem 
(A) with only slight modifications. Let n — > A m \ {0} — > P(W) be the 
canonical projection. Let S := P(W) \ U. It suffices to replace Q(T) 
(resp. » W (T)) by 2)(T) n [/(koo) (resp. © W (T) n {/(k^) ), where 
03^(1) fl [/(kjxj) has the C 1 -parametrizable boundary and the same 
volume as 93iy(l). 

A variety X over k has a Zariski closed subset S as a subvariety of 
accumulation points w.r.t. the counting function 0, iff 

logjV(X(k),T,0) ^ logiy((X\£)(k),T,0) 

hm sup > hm sup . 

logT logT 

Proposition 6.3. P(W / ) has no subvariety of accumulation points w.r.t. 
"Size" . 

Proof. Use Remark fl6.2|) . □ 

7. Rational Points on the Product of weighted 
Projective Spaces 

Based on the asymptotic formula in Theorem (A), we are able to 
count the rational points on the product of weighted projective spaces 
w.r.t. different "sizes". Our treatment is quite elementary which is 
based on the following fact. 

Lemma 7.1. Let X and Y be countable sets , and (resp. §2) the 
counting functions on X ( resp. Y). Let <p = <fti x <p 2 be a counting 
function on X x Y . Assume that 

N(X T6)-r T^WT^ + / 0(T^ x \\ogT)^) if (3 6 N 
M{X, 1 - C x l '(logij +< j T «W-<5i) if (3 = 

and N(Y, T, 2 ) = C Y T a ^ + 0(T a(Y ^ 52 ) where (3 > 0, 8 X > 0, 5 2 > 
and a(X) > a(Y). Then 

N(X x Y, T, 0) = 

C x Cya(X) Ta{X)(logT y +1 + ( T a(X)( logT )/3) if a (X) = Oc(Y) 

%TS\ Ta(X) ^ T ^ + OiT^ilogTf- 1 ) ifa(X) > a(Y),(3> 
a(X)-lW a{X) + 0{T< x )- & ) if a{X) > a(Y),/3 = 

for some 5 > 0. 
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Proof. The treatment is similar to [|FMT89| , 2. Proposition.] and ele- 
mentary. 

T 



iV(XxF,T,0) = J2 N ^ 



= E^(^r) Q(y) + °((^) a(yM ) 

The error term has the similar structure as the main term, we discuss 
here only about the main term. Let a(i) denote the cardinality of the 
set {x G X : i — 1 < 4>%{x) < i}. Then 

T 

N(X x F,T,0) ~ Cy Va(j)(-) Q{y) +0((-r (Y) - 5 ), 

where 

M 

J^a(z) = iV(X, M, 0i ) = C7 X M a(x) (log M'f + 0{M a{x) (log M)^ 1 ). 
i=i 

Using the Abel summation, we have 

N(XxY,T,<i>)~C x C Y T°<n'52j a W(logj) f) a(Y)(-) a ^ +1 dx. 

3=1 Jj X 

Replacing the summation by the integral for the sake of the mean value 
theorem, we obtain 

rT+l 

N(X xY, T, 0) ~ C X C Y a(Y)T a ^ / (log xfx^'^^dx 

c x Cya{x) TaiX )^ ogT y + i if = a( y) 

^^T^){\o g TY if a(X) > a(Y). 

The estimate for the error term is silimar to the estimate for the main 
term. □ 

Using this lemma iteratedly, we can give the asymptotic formula for 
iV(n i=1 P(W / j)(k), T, Sizen) where D is the Weil divisor corresponding 
to (di, • ■ ■ , dk) G N k , especially: 

Theorem (B). Let P(Wi) = P(w it i, ■ ■ ■ ,Wi >m ) for i = 1, . . . , k. Then 
their product satisfies the asymptotic formula 

k 

N(Y[P{Wi){k),T,Size- K ) ~ C(Wi, • • • ,W k ,k)T(logT) k - 1 
i=i 



RATIONAL POINTS ON WEIGHTED PROJECTIVE SPACES 



15 



where 

C(W ir --,W k , 



k 



Remark 7.2. The product of weighted projective space Yli=i P(Wi) has 
no subvariety of accumulation points w.r.t. u Size-x" ■ 

For comparison with our expectation, we formulate a version of 
Manin's linear growth conjecture: 

Conjecture (Manin). Let X be a nonsingular projective Fano variety 
defined over the number field k. Let H^k be a height function w.r.t. 
the anticanonical divisor. X(k) is supposed to be dense in X in the 
sense of Zariski topology. Let p := rankPic(X) . Let U be a Zariski 
open set in X having no accumulation points w.r.t. H_k- Then 

N(U(k),T,H„ K ) ~ C(X,k)T(logT) p - 1 

where C(X,k) is a positive constant. (Cf. |BM9Cfl ) 



Remark 7.3. The product of weighted projective spaces X = fj* =1 P(W / i) 
is a (singular) projective Fano variety and has no accumulation points 
w.r.t. the anticanonical size "Size-K" ■ It is also easy to see that 
X(k) is Zariski dense in X for any number field k. Furthermore, 
Pic(X) = 7j k . The asymptotic formula in Theorem (B) is parallel 
to the expectation of Manin's conjecture. 
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